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Abstract
It is common practice in most insurance lines for the coverage to be restricted by a deductible. In
the paper we investigate the inﬂuence of deductibles on pure risk premiums. We derive simple but
practical formulae for premiums under franchise, ﬁx amount, proportional, limited proportional
and disappearing deductibles in terms of the limited expected value function. Next, we apply the
results to typical loss distributions, i.e. lognormal, Pareto, Burr, Weibull and gamma. Finally, we
analyse a loss data of one of the power companies. We ﬁt distributions to the data and show how
the choice of the distribution and a deductible inﬂuences the premium.
Keywords: Applied statistics; Data analysis; Non-life insurance; Deductible; Loss distribution;
Pure risk premium
1. Introduction
The choice of a deductible which will be incorporated in the contract and the right pricing
of premium under the deductible is vital for the insurance industry. The pricing is crucial since
too low a price level results in a loss, while with too high rates a company can price itself out
of the market. It is the actuary’s task to ﬁnd methods of premium calculation that take into
account possible deductibles. In the paper we present new results which can assist in solving these
real-world management problems.
The idea of a deductible is, ﬁrstly, to reduce claim handling costs by excluding coverage for the
often numerous small claims and, secondly, to provide some motivation to the insured to prevent
claims, through a limited degree of participation in claim costs (see e.g. [4] and [13]). If we want
to describe in detail the reasons for introducing deductibles we have to mention the following
’properties’ of a deductible:
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(i) loss prevention – as the compensation is reduced by a deductible the retention of the
insured is positive. This makes out a good case for avoiding the loss.
(ii) loss reduction – the fact that the deductible puts the policyholder at risk of obtaining only
partial compensation provides an economic incentive to reduce the extent of the damage.
(iii) avoidance of small claims where administration costs are dominant – for small
losses, the administration costs will often exceed the loss itself, and hence the insurance
company would want the policyholder to pay it himself.
(iv) premium reduction – premium reduction can be an important aspect for the policy-
holders, they may prefer to take a higher deductible to get a lower premium.
In Section 2 we derive formulae for pure risk premiums under franchise, ﬁx amount, propor-
tional, limited proportional and disappearing deductibles in terms of the limited expected value
function. In Section 3 we discuss pure risk premiums under the deductibles for the well-known
loss distributions, i.e. lognormal, Pareto, Burr, Weibull and gamma (for the distributions see e.g.
[5], [7], [9] and [10]). In Section 4 we consider a loss data of Pumped Storage Power Plants Co.
(see [14]). We ﬁnd analytic distribution functions which ﬁt the observed data well and illustrate
graphically the inﬂuence of the parameters of the discussed deductibles on the pure risk premium.
2. General formulae for premiums under deductibles
Let X be the total (random) monetary amount of some economic risk; we will brieﬂy call X
a risk. A premium calculation principle is a rule saying what premium should be assigned to
a given risk. In the paper we will apply the simplest premium (calculation principle) which is
called pure risk premium, namely the mean of X. It is often applied in life and some mass lines
of business in non-life insurance (see [12]). As we know from ruin theory, the pure risk premium
without any kind of loading is insuﬃcient since, in the long run, ruin is inevitable even in the case
of substantial (though ﬁnite) initial reserves. Nevertheless, the pure risk premium can be – and
still is – of practical use because, for one thing, in practice the planning horizon is always limited,
and for another, because there are indirect ways of loading a premium, e.g. by neglecting interest
earnings.
More precisely, let X denote a non-negative random variable describing the size of claim (risk,
loss), F(t)a n df(t) its distribution and probability distribution functions respectively, and h(x)
the payment function corresponding to a deductible. Moreover, we assume that the expected value
EX exists. The pure risk premium P (as we consider only pure risk premiums we will henceforth
use the term ’premium’ meaning ’pure risk premium’) is then equal to the expectation, i.e.
P = Eh(X). (1)3
In the case of no deductible the payment function is obviously of the form h(x)=x. This means
that if the loss is equal to x, the insurer pays the whole claim amount and P = EX.
In order to derive formulae for premiums under deductibles let us recall the so-called limited




yf(y)dy + x(1 − F(x)),x > 0. (2)
The value of this function at a point x is equal to the expected value of the random variable X
truncated at the point x. The function is a very useful tool for testing the goodness of ﬁt of an
analytic distribution function to the observed claim size distribution function, see e.g. [4].
In the following subsections we will consider the most important types of deductibles and derive
corresponding premium formulae.
2.1. Franchise deductible. One of the deductibles that can be incorporated in the contract is a
so-called franchise deductible. In this case the insurer pays the whole claim, if the agreed deductible
amount is exceeded. More precisely, under the franchise deductible of a, if the loss is less than a
amount the insurer pays nothing, but if the loss equals or exceeds a amount claim is paid in full.





0,x < a ,
x, otherwise,
(3)
s e eF i g u r e1 .
It is worth noticing that the franchise deductible satisﬁes properties (i), (iii) and (iv), but not
property (ii). This deductible can even work against property (ii) – since if a loss occurs, the
policyholder would prefer it to be greater than or equal to the deductible.
The pure risk premium under the franchise deductible can be expressed in terms of the premium
in the case of no deductible and the corresponding limited expected value function.
Formula 2.1. The pure risk premium in the case of the franchise deductible of a is given by
PFD(a) = P − E(X,a)+a(1 − F(a)). (4)
The proof follows directly from the form of the payment function given by (3). It can be easily
noticed that this premium is a decreasing function of a,w h e na = 0 the premium is equal to the
one in the case of no deductible and if a tends to inﬁnity the premium tends to zero.4
2.2. Fixed amount deductible. An agreement between the insured and the insurer incorporat-
ing a deductible b means that the insurer pays only the part of the claim which exceeds the amount
b; if the size of the claim falls below this amount, then the claim is not covered by the contract
and the insured receives no indemniﬁcation. The payment function is thus given by
hFAD(b)(x)=m a x ( 0 ,x− b), (5)
s e eF i g u r e2 .
The ﬁxed amount deductible satisﬁes all properties mentioned in Section 1.
The following formula expresses the premium in the case of ﬁxed amount deductible in terms
of the premium under the franchise deductible.
Formula 2.2. The pure risk premium in the case of the ﬁxed amount deductible of b is given by
PFAD(b) = P − E(X,b)=PFD(b) − b(1 − F(b)). (6)
The above formula may be readily evaluated by means of the payment function given by (5).
As previously, the premium is a decreasing function of b,f o rb = 0 it gives the premium in the case
of no deductible and if b tends to inﬁnity, it tends to zero.
2.3. Proportional deductible. In the case of the proportional deductible of c,w h e r ec ∈ (0,1),
each payment is reduced by c · 100% (the insurer pays (1 − c) · 100% of the claim). Consequently,
the payment function is given by
hPD(c)(x)=( 1− c)x, (7)
s e eF i g u r e3 .
The proportional deductible satisﬁes properties (i), (ii) and (iv), but not property (iii), as it
implies some compensation for even very small claims.
The following formula shows a simple relation between the premium under proportional de-
ductible and the premium in the case of no deductible.
Formula 2.3. The pure risk premium in the case of the proportional deductible of c,w h e r ec ∈
(0,1), is given by
PPD(c) =( 1− c)P. (8)
The thesis follows directly from the properties of the expectation. Clearly, the premium is a
decreasing function of c, PPD(0) = P and PPD(1) =0 .5
2.4. Limited proportional deductible. The proportional deductible is usually combined with
a minimum amount deductible so the insurer does not need to handle small claims and with
maximum amount deductible to limit the retention of the insured. For the proportional deductible




⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩
0,x ≤ m1,
x − m1,m 1 <x≤ m1/c,
(1 − c)x, m1/c < x ≤ m2/c,
x − m2, otherwise,
(9)
s e eF i g u r e4 .
The limited proportional deductible satisﬁes all properties mentioned in Section 1.
The following formula expresses the premium under the limited proportional deductible in terms
of the premium in the case of no deductible and the corresponding limited expected value function.
Formula 2.4. T h ep u r er i s kp r e m i u mi nt h ec a s eo ft h el i m i t e dp r o p o r t i o n a ld e d u c t i b l eo fc with
minimum amount m1 and maximum amount m2 (m1 <m 2) is given by















Proof. Let Y = hLPD(c,m1,m2)(X). Therefore, the distribution function of Y c a nb ee x p r e s s e db y
FY (t)=
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0,t ≤ 0,




c − m1 <t≤ m2
c − m2,


























































) − F(m1)) − m2(1 − F(
m2
c
)) + PFD(m1) − c(PFD(
m1
c ) − PFD(
m2
c )).
By means of (4) we can rewrite the above relation as
















Sometimes only one limitation is incorporated in the contract, i.e. m1 =0o rm2 = ∞.I t i s
easy to check that the limited proportional deductible with m1 =0a n dm2 = ∞ reduces to the
proportional deductible.
2.5. Disappearing deductible. In the case of the disappearing deductible the payment depends
on the loss in the following way: if the loss is less than an amount of d1, the insurer pays nothing,
if the loss exceeds d2 (d2 >d 1) amount, the insurer pays the loss in full, if the loss is between d1
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⎪ ⎪ ⎪ ⎩
0,x ≤ d1,
d2(x−d1)
d2−d1 ,d 1 <x≤ d2,
x, otherwise,
(15)
s e eF i g u r e5 .
This kind of deductible satisﬁes properties (i), (iii) and (iv), but similarly as in the case of the
franchise deductible it works against (ii).
The following formula shows the premium under the disappearing deductible in terms of the
premium in the case of no deductible and the corresponding limited expected value function.
Formula 2.5. The pure risk premium in the case of the disappearing deductible of d1 and d2
(d1 <d 2) is given by







Proof. Let Y = hDD(d1,d2)(X). The distribution function of Y is
FY (t)=
⎧
⎪ ⎪ ⎪ ⎨




















































PFD(d1) − PFD(d2) − d1(F(d2) − F(d1))
 
+ PFD(d2). (19)
Substituting (4) from Formula 2.1 in the last expression we obtain the thesis. 7
If d1 = 0, then the premium does not depend on d2 and it becomes the premium in the case of
no deductible. If d2 tends to inﬁnity, then the disappearing deductible reduces to the ﬁx amount
deductible of d1.
3. Premiums under deductibles for given loss distributions
In this section we present mathematical formulae for premiums calculated in the case of de-
ductibles for a number of loss distributions often used in non-life actuarial practice. The lognormal,
Pareto, Burr, Weibull and gamma distributions are typical candidates when looking for a suitable
analytic distribution which ﬁts the observed data well, see e.g. [1], [3], [5], [8], [9] and [10].
3.1. Lognormal distribution. Consider a random variable Z which has the normal distribution.




















dy, t,σ > 0,µ ∈ R, (20)
where Φ(·) is the standard normal (with mean 0 and variance 1) distribution function. The
lognormal distribution is very useful in modeling of claim costs. It has a thick right tail and ﬁts
many situations well. For small σ it resembles a normal distribution, although this is not always
desirable.
Theorem 3.1. For the lognormal distribution deﬁned by (20) the following formulae hold:











(b) ﬁxed amount deductible premium
















(c) proportional deductible premium
PPD(c) =( 1− c)eµ+ σ2
2 , (23)
(d) limited proportional deductible premium

















































d2 − d1 + d1Φ
 























Proof. For the lognormal distribution deﬁned by (20) the premium in the case of no deductible is
given by
P = EX = eµ+ σ2
2 (26)


















































Next, by Formula 2.2, it is easy to get (b) part and from (26) and Formula 2.3 we obtain (c)
part.
In order to get (d) part we substitute (26) and (27) in Formula 2.4, and we ﬁnd
PLPD(c,m1,m2) = eµ+ σ2
2 − eµ+ σ2
2 Φ
 






















































































Finally, (e) part (the premium under the decreasing deductible) results from Formula 2.5 and (27):








































d2 − d1 + d1Φ
 































t,α,λ > 0. (31)
The ﬁrst parameter α controls how heavy tail the distribution has: the smaller the α, the heavier
the tail. The expectation of Pareto distribution exists only for α>1.
Theorem 3.2. For the Pareto distribution deﬁned by (31) with α>1 the following formulae hold:




















(c) proportional deductible premium


































(e) disappearing deductible premium
PZ(d1,d2) =
1
(α − 1)(d2 − d1)
 











Proof. When α>1 the expectation of the Pareto distribution deﬁned by (31) exists and the
premium under no deductible is




The limited expected value function is of the form
E(X,x)=


































which by Formula 2.2 yields also (b) part. As the premium in the case of no deductible is given
by (37), (c) part results immediately from Formula 2.3.









































































































3.3. Burr distribution. Experience has shown that the Pareto formula is often an appropriate
model for the claim size distribution, particularly where exceptionally large claims may occur,
see e.g. [4]. However, there is sometimes a need to ﬁnd heavy tailed distributions which oﬀer
greater ﬂexibility than the Pareto law. Such ﬂexibility is provided by the Burr distribution which






t,α,λ,τ > 0, (42)
which is just a generalization of the Pareto distribution. Its mean exists only for ατ > 1.
Theorem 3.3. For the Burr distribution deﬁned by (42) with ατ > 1 the following formulae hold:11

















































(c) proportional deductible premium
PPD(c) =( 1− c)
λ
1

































































































































Sketch of the proof. When ατ > 1 the mean value of the Burr distribution deﬁned by (42) exists
and the premium under no deductible is given by

























































ya−1(1 − y)b−1dy. (50)
Now, (a)–(e) parts can be proved by virtue of Formulas 2.1–2.5 in an analogous way as in the
proof of Theorem 3.2. 12
3.4. Weibull distribution. Another frequently used analytic claim size distribution is the Weibull






Theorem 3.4. For the Weibull distribution deﬁned by (51) the following formulae hold:
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, (52)






















(c) proportional deductible premium
















































































































Sketch of the proof. For the Weibull distribution deﬁned by (51) the premium in the case of no
deductible equals




































Now, (a)–(e) parts result from Formulas 2.1–2.5 in a similar way as in the proof of Theorem 3.2.
13
3.5. Gamma distribution. All four presented above distributions suﬀer from some mathematical
drawbacks, e.g. lack of a closed form representation for the Laplace transform and nonexistence









does not have these drawbacks. It is one of the most important distributions for modeling (not
only insurance claims) because it has very tractable mathematical properties and is related to
other distributions, cf. [8].
Theorem 3.5. For the gamma distribution deﬁned by (60) the following formulae hold:
(a) franchise deductible premium
PFD(a) = αβ(1 − F(a,α +1 ,β)), (61)
(b) ﬁxed amount deductible premium
PFAD(b) = αβ(1 − F(b,α +1 ,β)) − b(1 − F(b,α,β)), (62)
(c) proportional deductible premium
PPD(c) =( 1− c)αβ, (63)
(d) limited proportional deductible premium




































(F(d1,α,β) − F(d2,α,β)). (65)
Sketch of the proof. For the gamma distribution given by formula (60) the premium under no
deductible is
P = EX = αβ. (66)14

















Γ(α +1 ) βα+1yαe
−
y
βdy + x(1 − F(x,α,β))
= αβF(x,α +1 ,β)+x(1 − F(x,α,β)). (67)
Substituting formulae (66) and (67) in Formulas 2.1–2.5 one can obtain (a)–(e) parts in an
analogous way as in the proof of Theorem 3.2.

4. Example
The derivation of claim size distributions from the claim data could be considered to be a sepa-
rate discipline in its own right, which requires applying methods of mathematical statistics, cf. [4].
The objective is to ﬁnd a distribution function F which ﬁts the observed data in a satisfactory
manner. The approach most frequently adopted in the actuarial literature is to ﬁnd a suitable
analytic expression which ﬁts the observed data well and which is easy to handle, see e.g. [3].
Once the distribution is selected, we must obtain parameter estimates. In what follows we use the
moment and maximum likelihood estimation. The next step is to test whether the ﬁt is adequate.
This is usually done by comparing the ﬁtted and empirical distribution functions, more precisely,
by checking whether values of the ﬁtted distribution function at sample points form a uniform
distribution, cf. [2]. To this end we applied the well- and not so well-known non-parametric tests,
namely χ2, Kolmogorov–Smirnov (KS), Cramer–von Mises (CM) and Anderson–Darling (AD),
verifying the hypothesis of uniformity.
In order to interpret the results of the tests we compare them with the corresponding critical
values Cα (for the same signiﬁcance level α). When the value of the test is less than the corre-
sponding value Cα we accept the ﬁt as adequate (there is no reason to reject the null hypothesis).
The critical values Cα of the tests given a signiﬁcance level α (e.g. α =0 .05) can be easily found
in the literature, see e.g. [2] and [11].
We conducted in [14] empirical studies for the losses occurred in Pumped Storage Power Plants
(PSPP) Co. in Poland between 1991 and 1999. Distributions were ﬁtted using the moments and
maximum likelihood estimation. The results of the parameter estimation and test statistics are
presented in Tab. 1. The Burr, lognormal and Weibull distributions passed all tests (the test
statistics which are lower than the corresponding values Cα are in boldface). The expectation does
not exist in the Burr case (α =0 .1416 and τ =2 .7416), thus we exclude it. Without a thorough15
examination it is impossible to say which distribution, lognormal or Weibull better ﬁts the data as
the results of the tests are quite similar. We will not conduct such analysis as it is beyond the scope
of this article and we now choose both lognormal and Weibull distributions for the illustration of
the obtained theoretical results.
The premium under no deductible corresponding to the lognormal distribution is nearly PLN
2.3 million and to Weibull PLN 1.7 million (we note that in order to obtain an annual premium
we would have to multiply it by mean number of losses per year). The expectations do not tally
because the maximum likelihood estimation of parameters of diﬀerent distributions does not imply
equality of moments.
Now, we are going to show the inﬂuence of incorporating diﬀerent deductibles on the premium.
Let us ﬁrst concentrate on franchise and ﬁxed amount deductibles. Figure 6 depicts the comparison
of the two corresponding premiums and the eﬀect of increasing the deductible a and b, cf. formulae
(52) and (53). Evidently P  PFD  PFAD. Moreover, we can see that deducible of about PLN 10
milion in the lognormal case and PLN 5 milion in the Weibull case reduces PFAD by half. Figure
6a (lognormal case) and Figure 6b (Weibull case) are similar, however we note that the diﬀerences
do not lie in shifting or scaling. The same is true for the rest of considered deductibles.
The proportional deductible inﬂuences the premium in an obvious manner, that is pro rata (e.g.
c =0 .25 results in cutting the premium by a quarter).
Figure 7 depicts the eﬀect of parameters c, m1 and m2 of the limited proportional deductible.
It is easy to see that PLPD(c,m1,m2) is a decreasing function of these parameters.
Finally, Figure 8 depicts the inﬂuence of parameters d1 and d2 of the disappearing deductible.
Clearly, PDD(d1,d2) is a decreasing function of the parameters and we can observe that the eﬀect
of increasing d2 is rather minor.
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a 
Figure 1. The payment function under the franchise (solid line) and no de-
ductible (dotted line).
b 
Figure 2. The payment function under the ﬁx amount (solid line) and no de-
ductible (dotted line).18






Figure 4. The payment function under the limited proportional (solid line) and




Figure 5. The payment function under the disappearing (solid line) and no de-
ductible (dotted line).











































Figure 6. The premium under franchise and ﬁxed amount deductibles. The
lognormal (a) and Weibull (b) case based on the PSPP Co. loss data.20
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Figure 7. The premium under the limited proportional deductible. The lognor-
mal (a) and Weibull (b) case based on the PSPP Co. loss data.

































































































Figure 8. The premium under the disappearing deductible. The lognormal (a)
and Weibull (b) case based on the PSPP Co. loss data.21
Table 1. Parameter estimates and test statistics for the power company loss
data. Parameter estimates were obtained through moment or maximum likelihood
estimation
Distributions: Lognormal Pareto Burr Weibull Gamma
Parameters: µ=12.3172 α=2.5262 α=0.1416 α=0.4525 α=0.31536
σ=2.1558 λ=2.9842e+006 λ=4.7176e+011 β=6.8915e+005 β=6.2005e+006
τ=2.7416
Test values (in brackets: critical values for α =0 .05):
χ2 (9.4877) 4 11 2 2 11
KS (0.4094) 0.2286 0.5125 0.1610 0.2465 0.2879
CM (0.4531) 0.0623 0.6222 0.0372 0.0805 0.1416
AD (2.492) 0.3578 4.82 0.2218 0.4841 0.7809 
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